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1.2.17 definition: A bipartition of G is a specification of two disjoint independent sets in G whose union is V(G).

1.2.18: Theorem: A graph is bipartite iff it has no odd cycle. Testing whether a graph is bipartite.

1.2.20 Te union of graphs G1, G2, …, Gk consists of all vertices and edges of these graphs. K4 is a union of 2 4-cycles. Union an decomposition are different. In union the same edge may be in mire than one constituent graphs whereas in decomposition not.

1.2.22: Air traffic system with k airlines a) direct round trip service between two cities, b) each pair of cities has direct service from some airline. c) no airline has a flight through odd number of cities. In terms of k what can be the maximum number of cities in the system?

1.2.23 The complete graph Kn can be expressed as the union of k bipartite graphs if f n<2k. Proof by induction on k.

Eulerian Circuit: (1741) A graph is Eulerian if it has a closed trail containing all edges. Even graph is the graph with all vertex degrees even. Maximal paths are not contained in longer paths.

1.2.25 Lemma If every vertex of a graph G has degree at least 2 then G contains cycle. The argument does not pas through infinite graphs. 

1.2.26 Theorem A graph is Eulerian iff it has at most one nontrivial component and its vertices all have even degree.  Necessity and sufficiency.

1.2.27 Proposition Every even graph decomposes into cycles.

1.2.28 Proposition If G is a simple graph in which every vertex ha degree at least k, then G contains a path of length at least k. if k>=2, then G also contains  a cycle of length at least k+1.

1.2.29 Proposition Every graph with a non loop edge has at least 2 vertices that are not cut vertices.  … if u is an endpoint of  a maximal path p then P-u is connected in G-u.

Difference between maximal and maximum. But when describing numbers and not containment they are same for example maximal degree or maximum degree.

1.2.31 Lemma In an even graph every maximal trail is closed.

1.2.33 Theorem For a connected nontrivial graph with exactly 2k odd vertices, the minimum number of trails that decompose it is max {k,1}.

1.3.1 Degree of  a vertex, maximum degree is ∆(G), minimum degree is ∂(G) k-regular graphs neighbourhood of v. Order of a graph G, Size of G.

1.2.2 degree sum of all vertices is 2E.

Exercise: Mod(group+2, 5)= Mod(Ex, 5)

1.3.4 Corollary In a graph G, the average vertex degree is 2e(G)/n(G) and lies between min degree and max degree.

1.3.5 Corollary Every graph has even number of odd degrees.

1.3.6. A k-regular graph with n vertices has nk/2 edges.

1.3.7 Te k-dimensional cube or hyper cube Is the simple graph whose vertices are k-tuples with entries (0,1) and whose edges connect a pair of vertices differing in exactly one position.

1.3.10 Example The Petersen graph has ten –cycles.

1.3.11 Proposition For a simple graph G with vertices v1, v2,…, vn, and n>= e(G)= sum(e(G-Vi))/(n-2), d(Vi) = sum(e(G-vi))/n-2)-e(G-v)

For larger graphs there is a reconstruction conjecture:

1.3.12 Conjecture: If G is a simple graph with at least 3 vertices, then G is uniquely determined by the list of(isomorphism classes of) its vertex deleted subgraphs.
